Abstract -This paper describes a numerical method to simulate the debonding of adhesively bonded joints. Assuming that the adhesive thickness and the adhesive Young's modulus are small with respect to the characteristic length of the joint and to the Young's modulus of the adherents, a simplified model is derived in the case of large displacements using the asymptotic expansion technique. Then, the problem of the crack growth is stated, in the case of a stable growth, as the search of the local minima of the total energy of the joint, sum of the mechanical energy and the Griffith's fracture energy. This is made using the Newton's method. To this end, the expressions of the first and second derivatives of the mechanical energy with respect to a crack front displacement are derived analytically. Finally, numerical examples are presented, highlighting the unstable character of the crack growth at initiation.
Introduction
Both civil and military aircraft structures are made of complex assemblies. For such structures, the main used technique for bonding is the riveting. Unfortunately, when applied to composite materials structural elements, riveting leads to stress concentrations near the holes which are responsible for delamination. Another attractive technique, essentially considered at the moment for repair, is the gluing. If it avoids the piercing of the composite, it does not suppress the zones of stress concentration. Such zones exist near the intersections of the adherent / adhesive interfaces with the free edges. A Lagrangian formulation is used to describe the large displacement motion of the structure and it is assumed that the elastic materials are of the St-Venant Kirchhoff type (Ciarlet (1988) 
where is the fourth order material stiffness tensor and let S R (Ciarlet (1988) ). We assume that the formulation (4) has at least one solution
The elastic interface model
To take into account the hypothesis on the stiffness of the constituents, three tensors . In order to derive a simplified model taking into account both the material and the geometrical hypothesis, an asymptotic analysis is made, following the method developed in (Ciarlet and Destuynder (1979) ). The mechanical energy (3) and the variational formulation (4) 
and the terms of same order in % are identified. Coming back to the initial variable { s Y
, the leading term of the expansion verifies the following properties :
X
The adherents perform small displacements, so that the strain tensor is reduced to its linear part :
where the term over ' # has been integrated in the thickness. This functional admits non unique local minima (Krasucki et al. (2001) ) in the functional space
, characterized by the following variational equation :
As in the linear case (Klarbring (1991) , Destuynder et al. (1992) , Geymonat et al. (1999) ), in the simplified model the joint disappears from a geometrical point of view and is replaced by an energy of adhesion defined on its mid-surface. Finally, the tangent stiffness operator of problem (12) is : 
Overview of the crack growth model
As the elastic interface model reduces the adhesive domains to its mid-surface 2 , the crack front 
The fracture energy is proportional to the delaminated area : where is the unit normal. Then, in order to obtain the derivatives of with respect to the front in the direction , it is used the so-called -method (Destuynder and Djaoua (1981) , Ousset (1999) ): let be a dimensionless small parameter and a family of mappings associated to the field : are expressed as integrals and derivatives over ¢ using the two following relations :
making clear the dependence, then the solution is expanded as a formal power series of :
and terms of same order are identified. The results of the computation concerning the simplified model, are given in the next sections.
First derivatives of the displacements and the stresses
The first order Lagrangian derivative
are needed to compute the second derivative of ; they are the solution of the following variational problem 
is strictly positive, even if a crack doesn't exist.
Finally, the second derivative takes the following form : 
where is the unit normal to front in the direction of delamination growth. Due to this irreversibility condition, the problem to be solved is a constrained minimization one and can be solved using a fixed point algorithm. On the other hand, the mapping introduced in section (3.1) must be defined in such a way that the delaminated area increases. This requirement takes the following form : Let us now consider stable debonding. According to Nguyen (2000) , the debonding is stable, for a fixed level of loading, if
. This condition ensures that, in the vicinity of a stable crack front location at arrest, the total energy is strictly convex :
As a consequence, the growth arrest corresponds to a local minimum of . According to relations (22) 
Comments on the simplified model 4.1 Convergence of the elastic interface model toward the perfect interface model
The elastic interface model assumes that both the joint thickness and the adhesive Young's modulus tend to zero simultaneously as % . This assumption can shock the physical sense as the Young's modulus is a fixed data. One can wonder what the model becomes if the joint thickness only tends to zero. This question is answered here in the case of small displacements. In this case, the joint strain energy appears clearly as a penalization of the perfectly bonded interface model condition
The linear elastic interface model is stated as follows: find Y a 1 4
where 4 is the space
for which 4 is an Hilbert space (the Korn's inequalities ensure that (31) is a norm equivalent to the classical norm). Then, the solution of the problem (30) is formally sought under the form of a power expansion of
. Transferring this expansion into the variational equation of (30) and identifying the terms of the same order in % , one obtains that
satisfies the following equations : 
The proof of the first three points follows the approach presented by Lions (1973) , Chapter I and is detailed, for instance, in (Ait Moussa (1996) ). Now, as is a regular vector field, one can take the limit of the energy release rate expression
On the other hand, % being fixed, it was mentioned previously that the local energy release rate given by the expression (22) is always strictly positive, even if there is not a crack. It is tempting to take this value as the value for crack initiation. Theorem 1 indicates that it depends on the joint thickness and tends to zero with % . As a consequence, it cannot be taken as crack initiation value. It is now admitted that crack initiation can be detected using a maximum tensile stress criterion of the form ¡¡ ( ¡¡ § . However, for a given thickness of the joint, the stress criterion, the maximum jump of the normal displacement criterion (A ¡ 5 ( A ¡ §
5
) and the debonding force criterion (£ ( £ § ) are equivalent. For example, in the case of a DCB specimen in small displacement, the constitutive equations (7) and the expression (22) give :
The link between these criterions is studied experimentally in (Chai (1986) ) and theoretically in (Leguillon (2002) 
Connection with the damage interface models
It is now common to use damage interface models to simulate delamination growth in layered composite structures (Ladevèze (1992) , Allix and Corigliano (1999) , Alfano and Crisfield (2001) ). Among these models, one of the most used is the Tvergaard's model (Tvergaard (1990) , Chaboche et al. (2001) ) which considers a zero thickness interface equipped, for example in the case of a DCB specimen submitted to a monotone loading in mode I, with the following constitutive equation :
Here, the models parameters is a decohesion indicator viewed as a damage parameter equal to zero for a perfectly bonded interface and equal to one for a broken interface. The two parameters are connected writing that the area under the loading curve is equal to the critical energy release rate
This gives :
In fact, the interface between two lamina is not a perfect interface but rather a thin matrix layer of thickness . In the present case, the debonding force derived from the expression (12) takes the following form :
Then, the Griffith's criterion
gives the following expression of the normal displacement jump at debonding :
Then, assuming that debonding occurs for the same value of the normal displacement jump (A
) , the parameters of the Tvergaard's model can be identified. The loading curves of both the models are reported in the figure 4: the coefficient have been identified in order that the two models are energetically equivalent, and the complete decohesion occurs for the same jump MPa. For the springs layer model, the critical traction of decohesion is
MPa. However, when irreversible mechanisms can be neglected, cohesive models should be avoided for at least two reasons : firstly, their numerical resolution leads to serious mesh dependencies both noted in (Alfano and Crisfield (2001) ) and (Chaboche et al. (2001) ). In order to solve this problem, very fine meshes are needed near the crack front. On contrary, the use of the -method to obtain the energy release rate, a global quantity, with the relation (21), allow to use relatively coarse meshes. Secondly, the strong nonlinear character of the cohesive law requires a larger number of iteration of a Newton's method. Numerical comparisons has been performed on structural examples (Roudolff and Ousset (2002) ) and confirmed this last point.
Crack growth algorithm

Numerical approximation of the displacement field
In this paragraph, we describe the discretization used for the displacement field and give the tangent stiffness matrix in the joint associated to the Newton's method on the equation (12). A sixteen nodes finite element is used: the shape function are quadratic with respect to the in-plane variables and linear with respect to the out-of-plane variable. In the adherents ! A 5£
and imply that, for
Then, the Newton's equation associated to the equation (12) is, for all As 5
of order 6 such that : 
and
(5 is the Kronecker's symbol).
Approximation of the crack front and definition of the¨field
The front & g 
Debonding algorithm
The debonding algorithm is described in the case of displacement control. Let , i.e. when the mid-surface of the joint is completely broken and the two adherents are disconnected. Before we give some applications, let us make two comments with regard to the present algorithm:
1. There are several ways to compute the new displacement field after remeshing. Here, we have presented the case where the new equilibrium point is sought starting from the displacements obtained with the previous mesh. Unfortunately, if the front displacement is too large, the equilibrium cannot be recovered. To prevent divergence, small increments of the front displacement must be made: this is the role of the real . Another way is to restart the computation from unloading. This way seems more costly, but it allows greater displacement front increments. (see Figure 5) . 
Opening debonding
The second example was devoted to the study of a double cantilever beam of length . This interval of value is usually obtained for composite structures without joint (see [Robinson and Song (1992) ] for the DCB). For this interval, large values of the strain ¡ ¡¡ § , predominant here, are obtained (Table 2 ). This shows the presence of large displacement. For bonded assemblies, this situation is accentuated : indeed, the critical energy release rate is an increasing function of the softness of the adhesive (Chai (1986) ) : this point signifies that for usual soft adhesive, an important loading factor is required in order that the delamination force When the thickness of the joint tends to zero, the jump converge as expected to zero, and the stress becomes singular, except on 
Circular assembly
A circular bonded assembly of radius
was then studied. It was made of two plates of thickness . Computations were made using the material characteristics reported in table 1. The first set of computations was devoted to the case of a circular hole. The process of the joint failure was similar to the one of the DCB specimen studied in the paragraph 6.2. As the energy release rate was constant along
, when the control displacement exceeded the critical value § , a circular front of radius ¦ was created in an unstable way. Then, the growth was stable and the crack front remained circular. The critical values at initiation obtained with . However, the unstable character of the growth at initiation ensured that the bond failed on the whole boundary of the hole. With such a choice of loading, the elliptic shape of the front increased the instability. As it can be seen in the figure 21, the second derivative of the energy E was negative along T A E 2 and reached its minimum for
where the energy release rate was maximum. As a consequence, the normal crack length at initiation was maximal at these points. The different crack positions for several values of the prescribed displacement are reported in the figure 22 that shows that the crack front remained elliptic during the growth, with a decreasing ratio 
Conclusion
We have presented an elastic interface model to study adhesively bonded assemblies performing large displacements. It is obtained by an asymptotic expansion technique making the assumption that both the Young's modulus ratio and the thickness ratio of the adhesive and of the adherents are small parameters of the same order. The main characteristic of the model is that the adhesive only has a non linear behaviour expressed in terms of the displacements jumps. It differs therefore form the model proposed by Edlund and Klarbring (Edlund and Klarbring (1992) ) where the strains of the mid-surface of the adhesive are taken into account. In addition, it is proved, in the case of small displacements, that the model converges to the perfectly bonded interface model as the adhesive thickness only tends to zero. A debonding model based on a fracture mechanics approach is then proposed. It consists in minimizing the total energy of the assembly with respect to any admissible crack front displacement. The numerical applications have shown the robustness of the proposed algorithm. In addition, it has allowed to show the unstable character of the debonding growth at initiation on a small length. The simulation of the initiation was presented with the use of the explicit expression of the local energy release rate. In the absence of joint ( defined in (27) are not empty.
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Appendix B. Expression of the energy release rate as a curvilinear integral
The purpose of this appendix is to show how we express the energy release rate Finally,
6
being independent of £ , the former expression remains true for £ arbitrarily small. If the adherents are convex, the study of the stress's singularity, in the case of weak interface, permits to conclude, in a similarly way as for the linear case (Destuynder et al. (1992) 
